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An investigation into the magnetic properties of zig-zag single-walled (8,0) carbon nanotube is done. The
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Hamiltonian of a charged particle confined in Deng-Fan Hulthen potential in the presence of applied external
fields in perpendicular direction. The energy eigen value equation and the wave function are obtained. The
partition function is calculated from the energy equation obtained. With the partition function, the magnetic

properties; magnetization and susceptibility as a function of temperature, tube’s diameter and Aharonov-
Bohm flux are evaluated. The results of the analysis showed that the zig-zag single-walled (8,0) carbon
nanotube has a negative magnetic susceptibility.
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1. INTRODUCTION

According to the discovery of carbon nanotubes (CNTs) and fullerenes
with the attendant theoretical research on their properties have made
their importance prominent in nanotechnology (Michael, 2006). CNTs are
seen as one of the strongest materials with very high elasticity, high
conductivity, miniature in size with good stability and their robust nature
allow them to withstand chemically hostile environments. This miniature
nature and their high surface area make them suitable candidates for the
attachment and assembly of nanoparticles (NPs) on their surface. Their
electrical, magnetic and even their physical properties can be improved
significantly when either their internal cavity or external surface are
decorated with different inorganic NPs using various experimental
procedures (Ado and Mildred, 2008 ; Kim and Rina, 2011).

CNTs are sheets of graphene rolled around a central axis, forming hollow
cylindrical shapes. CNTs are in two types-single-walled carbon nanotubes
(SWCNT) and Multi-walled carbon nanotube (MWCNT). CNTs comprises
of network of carbon atoms in hexagonal form. Their diameter is in the
neighborhood of 1 and 2 nanometers while their length could be several
micrometers (Hossein, 2020). Due to the small nanoscale diameter, the
confinement and movement of electrons is along their length, hence, CNTs
are regarded as one dimensional (1D) nanomaterials (Philip and Deji,
2011).

The SWCNTs are rolled-up cylindrical sheets of graphene made up of
benzene type hexagonal network of carbon atoms that are spZhybridized
(Saifuddin, 2013 ; Sebastien, 2013). Their diameter is in the range of 1 to
2 nanometer with lengths of several micrometer to centimeters. They can
be metallic or semiconductor based on their stacking or arrangement of
the carbon atoms/ the arrangement of their helicity (Phaedon, 2003 ;
Ando, 2005). MWCNTs are made up of layers of graphene sheets rolled-up
to form a concentric tubular shape. They can be regarded as arrays of
concentric SWCNTSs stacked in between each other with a spacing of about
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0.34 nanometer (Saifuddin, 2013).
1.1 Magnetic Properties of Carbon nanotubes

Carbon nanotubes in their pure forms are non-magnetic. Although CNT is
diamagnetic in nature but it can become magnetized when magnetic field
is applied in a direction of 180° to it (Rees, 2021). Also, the tube chirality,
Fermi energy level and the magnetic field direction with respect to the
tube axis can determine either the paramagnetic and diamagnetic
behavior of single-walled carbon nanotubes (SWCNTs) (Keun, 2008).
According to the study, CNTs show considerable large diamagnetic and
paramagnetic behaviors in the presence of weak magnetic field based on
the direction of the field, Fermi energy and geometric parameters like
helicity and tube radius (Jian, 1995). Carbon nanotubes (SWCNTSs)
demonstrate considerable features of diamagnetism when magnetic field
is applied perpendicular to the axis (Oleg, et al, 2020). The diamagnetism
of CNTs is anisotropic in nature and it has a correlation to an Aharonov-
Bohm (AB) effect. However, catalyst like Fe, Ni or Co can bring about
paramagnetism in CNTs (Ibwanga et al, 2021). Therefore, the synthesis of
magnetic carbon nanotubes (MCNTs) will open up new vista of
applications in nano biotechnology and biomedical fields. MCNTs can be
produced via various means. Some of these methods include filling
process, sol-gel process, chemical vapor deposition (CVD), self-assembly,
template-based synthesis, hydrothermal/solvothermal and pyrolysis
procedure detonation induced reaction (Mehrdad et al, 2017). Possible
usage of magnetic CNTs is in the area of information technology. Here, a
special hybrid of magnetic CNTs containing single-molecule magnets
embedded in non-magnetic CNTs are synthesized. These synthesized
material possess both magnetic and functional properties of nanotubes
which can be potentially used in designing magnetic data storage and
information processing devices (Chen and Valery, 2024). The magnetic
properties of CNTs is poor naturally, and of course could limit their wide
range of application in electromagnetic wave absorbers (use as radars-
absorbent materials), magnetic sensors, and magnetic stability system
amongst others. However, their magnetic properties can be improved
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upon if magnetic nanoparticles are in the design of nanotubes. A deluge of
experimental studies, molecular dynamics simulations and first-principle
methods have been done on CNTs using some empirical potentials like
Tersoff, Brenner, Morse and Lennard Jones, to investigate the various
properties of CNTs but not with NU method. Therefore, being fascinated
by the versatility in usage of the magnetic properties of CNTs which have
notbeen studied theoretically within the frame work of Deng-Fan-Hulthen
potential in applied magnetic field and AB flux field with NU method,
investigating the magnetic properties of CNTs is worthwhile.

The Aharonov-Bohm (AB) phase created around cylindrical nanotube in a
magnetic field parallel to its axis alters the band structure. However, their
metallicity can be controlled by the application of external magnetic fields
(Abbasi, 2024). A metallic CNT can be transformed into a semiconducting
CNT and semiconducting tube can become metallic due to the effect of
applied magnetic field. Also, Zeeman splitting, the magnitude and the
orientation of the magnetic field are key factors that determine the
metallicity transitions of carbon nanotubes in the presence of magnetic
flux (Tsai, 2005). This situation results in unusual behavior of magneto-
resistance (Ado and Mildred, 2008 ; Ovchinnikov et al, 1998).

Diamagnetic material shows negative magnetic susceptibility. The
negative values of the susceptibility implies that diamagnetic materials
becomes magnetized when in an area of applied magnetic field. This
magnetization points opposite to the applied field. The susceptibility of
this diamagnetic materials has nearly a constant values independent of
temperature. However, in a perpendicular magnetic field, metallic and
semiconducting SWCNTs exhibit diamagnetism. Meanwhile the magnetic
susceptibility anisotropy of semiconducting SWCNTs are lesser in values
compare to metallic SWCNTs (Searles et al, 2010). Zig-zag single-walled
(8,0 ) carbon nanotube possesses a length of 6.403(1&) with symmetry
group, P4/mmm (Constantinos et al, 2019). At the Fermi energy, the
density of state is zero showing that it is a semiconductor. The calculated
band gap is 1.360eV while the simulated band gap is 1.4078eV. The total
number of unit cells and carbon atoms in the overall unit cells are16 and
32 respectively. In its molecular structure, the total number of unit cells,
carbon atoms and hexagons are 208, 416 and 192 (Devi and Rakesh, 2017
; Devi etal, 2012).

In this work, the Nikiforov-Uvarov (NU) method will be used to solve the
Schrédinger wave equation containing the Hamiltonian of a charged
particle with the Deng-Fan-Hulthen Potential (DFHP) in the presence of
applied magnetic field and Aharonov-Bohm (AB) flux in perpendicular
direction to obtain the energy eigen value equation and wave function.
Thereafter, the partition function for the zig-zag single-walled (8,0)
carbon nanotube (SWCNT) will be calculated. With the partition function,
the magnetic properties of the nanotube will be investigated.

This paper is organized as follows; in section two, the NU method will be
used to solve the Schrodinger wave equation containing the Hamiltonian
of a charged particle to obtain the energy equation and wave function. The
partition function is calculated in section three with the graphical plots
while section four will be results and discussion. The last section will be
conclusion followed by references.

2. THEORETICAL MODEL AND METHODOLOGY

For a charged particle, the quantum Hamiltonian with the Schrédinger
equation placed in a region of Deng-Fan-Hulthen potential interacting in
an external magnetic field B and Ahanorov-Bohm (AB) flux in a co-
ordinate system that is cylindrical is written as:

1 o 17 % 2 VoeS™
Z(l V- qc A) + De 1- m _m = E(n,m)lp(p,q),z) (1)
where V = e®e -1, D, stands for dissociation energy, 7, represents
molecular bond length, r is the inter-nuclear distance, 8, the range of the
potential well and V,, is the potential strength (Otete et al, 2024).

Here, p is taken to be the effective mass for the CNT. The summation of
two terms gives the vector potential A, written as A =A1+4; and our
Coulomb gauge is written as Vx A1 =B and Vx 4; =0 where B, stands for
the applied magnetic field along the z-axis. The additional magnetic flux
®,; is as a result of the solenoid. Therefore, the vector potential in the
cylindrical coordinate system, has the azimuthal components written as
(Otete et al, 2024):
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The Deng-Fan-Hulthen Potential which is the confining potential. It is of
two potentials-Deng-Fan and Hulthen potentials.

The wave function in the cylindrical coordinates is written as:
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where m stands for the magnetic quantum number. When the confining
potential, vector potential and the wave function are inserted into Eq. (1),
a second-order differential equation of Eq. (4) is obtained:
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The Greene and Aldrich improved approximation scheme given in the Eq.
(5), will help to solve the differential equation of Eq. (4) that has both
exponential and radial terms (Otete et al, 2024).
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By inserting Eq. (5) into Eq. (4) we have
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Where 1 =- =X ¢= and V = e® — 1, cis the speed of light.

Using the transformation § = e %" (7)

After differentiating twice, you will obtain:
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(8)

Substituting Eq. (8) into Eq. (6) and divide through by 8252 the result will
be:
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We use the following dimensionless symbols for mathematical
convenience
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Equation (9) can be rewritten with respect to these dimensionless
symbols as:
d*Unm (1-8) dUnm 1 — _ 2 — — 2

252 S(-s) ds 52(1_5)2[ (1 =8+ (1 =8)8 — x,(8%) +
B(1—8)8 —6(8) —y1(8?) — v, (1 = 8)S = Vd, (1 = §)* = V()] Upy, =
0 (n

Subsequently, Eq. (11) can be evaluated further as:
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Qe+ +B-8—y,+2Vd, - V)S — (e +Vd,)] Upp(r) =0 (12)

Eq. (12) is compared with the parametric form of the NU of Eq. (13) is
written (Otete and Eleje, 2023) as:

8165 ..,
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The energy eigen values equation according to the NU is written as

82n-(2n + 1) Bs+ (2n + 1) [/By + B831/85]+ n (n -1) B3+67+26365+ 2,/858, =
0 (14)

The corresponding wave function is given as:
U (5) = $%2(1 — By8) b= buisp, Po-+(E) @Dy _9g.5) (1)

where the following parameters are written as
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8, = 28,85 — &, (19)
8y = 82, + &, (20
8 = B5(8, + 8;85) + 6 (21)
810 = 6+ 26, + 2,/6 (22)
811 = 8, — 285 + 2(y/By + 85,/65) (23)
81, = 6,46 (24)
813 = 85— (/By+ 65,/65) (25)

When Eq. (12) is compared with the parametric form of the NU of Eq. (13)
the following, parameters can be found:

B81=6=6:=1 (26)
=gttt B+yi—v,+Vd, (27)
& =28+ +B—-6—-A,+2Vd, -V (28)
& =¢e+Vd, (29)

From Egs. (16-21) we obtain

8,=>(1—86)=0,85=>(8,—-265)= —3, B, =62 +&="+c+x, +

X1tB+yi -y, +Vd, (30)
8, = 26,85 — & =—(2e + 1 + B— 68—y, + 2Vd, — V) 31)
By =62+ & =¢+Vd, (32)
85 = 858, + 8365 + 8=+ B+ V +y; + 1, (33)
Recall that in Eq.(10) ,— % (34)

So, substituting Egs. (30-33) into Eq. (14) and carrying out some algebra
the energy eigenvalue equation of the Deng-Fan-Hulthen potential is
obtained as:

h262 A 2
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where
P=iH8+V Ay +xy A=y —B+6+y, +V,T=n+7 (36)

Using the dimensionless symbols of Eq. (10), Eq. (36) can be re-written
as:
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From Egs. (22-25) we determine
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Substituting Egs. (39-42) into Eq. (15) the wave function written in Eq.
(43) is obtained.

11 2./e+Vdy 2 |*+6+V+y1+x2
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3. THE PARTITION FUNCTION

The partition function known as the distribution function that depends on
temperature (Ikot et al, 2018). It is referred to as the number of times
larger the total number of particles is than the number of particles in the
ground state. If N represents the total number of particles and n,
represents the number of particles in the lowest or ground state energy.

Then,

nﬂo = Partition function, Z (44)
The size of the partition function is dependent on both the energy of the
excited state and temperature of the system. The energies partitioned or
distributed over the different energy levels is known through the partition
function. It is dependent on the temperature, T through beta, f. For all
possible states a particle can assume, we defined the partition function as
the summation of e ¢ /kT over it (Chang and John, 1985).

The partition function is important because once the partition function is
known, the thermodynamic quantities or functions, heat capacities,
entropies and equilibrium constant can be calculated from it (Atkins and
Paula, 2009).

With the knowledge of the partition function, the information of the eigen
values embedded in the thermodynamic quantities can be extracted.

We write the partition function as:
Z(B) = X" e~Frum (45)

Where S = (KT)™* with K as the Boltsmann constant and T the
temperature (Zhou and Dai 2018). E,,,, is the energy of the nth bound state
wheren =0,1,2,3 ..., Vjnax-

Gi-(m+p)?\?

Enm = —h?0? (020 1 G, (46)
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Therefore, equation (45) can be recast as:

1h262(Gq-(n+p)?\?
B[_ Zu( 2(n+p) ) +G2

Z(B) =X (49

In the classical limit, the summation of equation (48) is replaced by an
integral therefore we have

Zgy = [ (AT a1 = g p (50)
where

_h?e? o n%9%GE , _ (h*9%G,
K=2r N=—"20p = ( - +6,) (51)

In order to obtain the partition function of the system, the Maple software
is employ to evaluate Eq. (50) as:

Np (NG
L s 05 (z w2 erni() 2\/1?) (52)

N JNE

When one has obtained the partition function as in Eqn. (52), the
thermodynamic functions or quantities of the system which are the mean
energy U, specific heat C,, free energyF, entropy S, magnetic susceptibility
X, etc can be calculated from using the following relations [Khordad and
Rastegar, 2017; Eshghi, and Mehraban, 2017):

8inZ

Mean energy U =— T (53)
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Specific heat C, =‘;—:= Kp? (54)
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Free energy F =-KTInZ (55)
Entropy S =KInZ — %;nz (56)
Thermal conductivity K = gpcvz‘r (57)
Magnetization M = — Z—Z (58)
- §2F
Susceptibility x = 57 (59)
: 0 _edr
Persistent current I = 7 T “rom (60)

However, the focus on this work is on magnetization and magnetic
susceptibility.

Magnetization of a material is a measure of how the energy of the system
respond to a magnetic field. It is written as (David, 2012):

9E
M=-2 (61)
Magnetization is in inverse proportion to the temperature in the limit of
vanishing magnetic field. This 1/T phenomenon is referred to as Curie’s
Law (David, 2012).

After obtaining the magnetization M, when differentiated with respect to

B, the temperature-dependent susceptibility will be obtained (Bahadir
and Ashok, 2012). It can also be obtained when the free energy is
differentiated twice (Ado and Mildred, 2008). From the thermodynamic
perspective, magnetic susceptibility with the symbol y,, refers to the
degree of magnetization of a material in an applied magnetic field. It is
regarded as the ratio of magnetization, M of sample or material to the
applied external magnetic field strength H. Mathematically expressed
(Cano et al, 2008) as:

E

Magnetic Susceptibility, y = lim lAﬁ
|af|~o |6H]

(62)

As earlier stated, according to (Bahadir and Ashok, 2012), when Eq. (63)
is differentiated twice, it will yield the magnetic susceptibility written
down in Eq. (64).

oF

Magnetization M = — P (63)

Magnetic Susceptibility, y =- % (64)
With Maple software, the energy eigen values are obtained using Eq. (35)
when the magnetic field and AB flux are switch off, that is kept at zero and
when the magnetic field is at 4Tesla and the AB flux is kept at zero are
tabulated in table 1. While table 2 is when the magnetic field is kept at zero
and the AB flux are kept at values 2 and 4 respectively.

Table 1 : Energy eigen-values for zig-zag SWCNT (8,0) having magnetic field, B and AB flux, ¢ with various n and m states

m n B=(=0 B=4T, (=0
0

0 -3.587167552 -1.4822421212
0 1 -2.752342028 -1.3224113519
0 2 -2.521224573 -1.2728131617
0 3 -1.818120621 -1.1342030251
1 0 -3.480836113 -1.4256421283
1 1 -2.848705157 -1.3737658771
1 2 -2.318128155 -1.2358668143
1 3 -1.816740407 -1.1256547581
-1 0 -3.480836113 -1.4527353623
-1 1 -2.948705156 -1.3805171255
-1 2 -2.318128155 -1.2408847713
-1 3 -1.818740407 -1.1715186424
2 0 -3.476056441 -1.3743742114
2 1 -2.844305671 -1.2341251362
2 2 -2.314037811 -1.1235353547
2 3 -1.813401628 -1.0541567102
-2 0 -3.476056441 -1.2317181802
-2 1 -2.844305671 -1.1487212154
-2 2 -2.314037813 -1.0788347315
-2 3 -1.813201628 -1.0211306185
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Table 2 : Energy eigen-values for zig-zag SWCNT (8,0) having magnetic field, B and AB flux, ¢ with various n and m states

m n B=0¢=2 B=0,(=4

0 0 -0.4821945856 -0.4782520026
0 1 -0.3363621474 -0.3334493837
0 2 -0.2340272040 -0.2318032016
0 3 -0.2252116566 -0.2144865018
1 0 -0.1607586286 -0.1590160044
1 1 -0.1538465726 -0.1454205252
1 2 -0.1340052778 -0.1199438572
1 3 -0.1077537577 -0.1063601404
-1 0 -0.1022229082 -0.0954692749
-1 1 -0.0862996920 -0.0749723805
-1 2 -0.0617849647 -0.0470555549
-1 3 -0.2252116566 -0.0289648279
2 0 -0.1999940563 -0.1822018376
2 1 -0.1538465726 -0.1454205252
2 2 -0.1340052778 -0.1119943857
2 3 -0.1036294162 -0.0854792316
-2 0 -0.1022229082 -0.0954692749
-2 1 -0.0862996920 -0.0749723805
-2 2 -0.0617849647 -0.0470555549
-2 3 -0.0311052979 -0.0142438138

Here, in fig. 1 and 2 are the graphical plots of magnetization versus
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temperature and tube diameter. In fig.3, 4 and 5 are the graphical plots of
magnetic susceptibility versus temperature, tube diameter and AB flux.
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Figure 1: Plot of Magnetization versus Temperatures
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Figure 5: Plot of susceptibility versus AB flux.

4.. RESULTS AND DISCUSSION

Figure 1 depicts the plot of the magnetization against temperature. It is
seen that the magnetization of the material decreases as the temperature
is increasing. The increasing temperature brings about thermal disorder
causing the atomic domains/spin in the material to become disordered,
hence, the decrease in the magnetization. In figure 2, the plot of
magnetization against the tube diameter of the carbon nanotube showed
that the magnetization decreases in an exponential manner as the
diameter increases. Here, the cylindrical nature of the tube necessitates
the scaling of the orbital currents and quantization of the electronic states.

The plot of magnetic susceptibility with temperature is shown in Figure 3.
The magnetic susceptibility decreases as the temperature rises. An
increase in the temperature causes the disruption of the delocalized m-
electron framework thus decreasing the magnetic susceptibility (Ibwanga,
2021). Again, CNT as diamagnetic material depicts a negative magnetic
susceptibility (Charles, 2005). Figure 4 shows the plot of magnetic
susceptibility as a function of the tube’s diameter. It is noticed that the
magnetic susceptibility decreases exponentially with the tube diameter
due to the net scaling of the orbital magnetic moments and density of
states which makes the susceptibility scaling inversely with the diameter.
Therefore the more the tube diameter becomes larger, the diamagnetism
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per volume becomes lesser. The plot of susceptibility versus Aharonov-
Bohm (AB) fluxis shown in figure 5. CNT being a diamagnetic material, has
the electron spin of the atoms or molecules paired, hence, their magnetic
moment is zero. So on the application of external magnetic field, the
phenomenon of Lenz’s law will cause the induce current to oppose the flux
change thereby leading to negative magnetic susceptibility.

5. CONCLUSION

The magnetic properties of zig-zag single-walled (8,0) carbon nanotube
has been investigated in the presence of magnetic field and Aharonov-
Bohm (AB) flux using the NU method. The partition function calculated
with the energy eigen value equation was used to evaluate the magnetic
properties of the carbon nanotube. The results of the graphical analysis of
the plot of magnetization as a function of temperature and tube’s diameter
revealed that the magnetization of the carbon nanotube decreases with
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